We extend the method of controlled Lagrangians to include potential shaping for complete state-space stabilization of mechanical systems. The method of controlled Lagrangians deals with mechanical systems with symmetry and provides symmetry-preserving kinetic shaping and feedback-controlled dissipation for state-space stabilization in all but the symmetry variables. Potential shaping complements the.kinetic shaping by breaking symmetry and stabilizing the remaining state variables. The approach also extends the method of controlled Lagrangians to include a class of mechanical systems without symmetry such as the inverted pendulum on a cart that travels along an incline.
Introduction
We introduce potential shaping into the method of controlled Lagrangians, our constructive approach to the derivation of stabilizing control laws for Lagrangian mechanical systems. This allows us to achieve complete state-space stabilization for underactuated systems. This class of mechanical systems we address tends to be difficult to control; for example, the systems are typically not feedback linearizable.
The guiding principle behind our method of controlled Lagrangians is to consider a class of control laws that yield closed-loop dynamics which remain in Lagrangian form. The method thus provides a natural class of energy-based Lyapunov functions and yields
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We give in Bloch, Leonard and Marsden [1997 ,1998a ,1999b sufficient conditions under which our algorithmic approach provides a control law that yields a closed-loop system in Lagrangian form.
These sufficient conditions we refer to as matching conditions since they ensure that the Euler-Lagrange equations derived from the controlled Lagrangian are consistent with available control inputs, i.e., they match the controlled Euler-Lagrange equations for the given mechanical system.
The systems considered in Bloch, Leonard and Marsden [1997 ,1999a ,1999b are mechanical systems with symmetry and the Lagrangian for the closedloop system (the controlled Lagrangian) is the Lagrangian for the uncontrolled system with a reshaped kinetic energy which retains the original symmetry. We added feedback-controlled dissipation and proved asymptotic stabilization in all state variables except for the symmetry group variables. For example, in the case of the inverted pendulum on the cart, we drive the pendulum to the upright position and the cart to rest but not necessarily positioned at the origin.
In this paper we complete the strategy by augmenting the construction to include symmetry-breaking modifications to the potential energy. This provides the means to stabilize all state variables; for instance, in the cart-pendulum example, the cart position can be driven to the origin as well.
We also extend the class of mechanical systems considered to include those with original potential energy that breaks symmetry. For example, the extended class of systems includes the inverted pendulum on a cart that travels on an incline.
The method of controlled Lagrangians has its ori- In $2 we outline the controlled Lagrangian approach to stabilization and review matching and stabilization by kinetic shaping. In $3 we introduce potential shaping and present sufficient conditions for matching. In $4 we provide sufficient conditions and the construction for complete state-space stabilization. In $5 we apply the construction to the inverted pendulum on a cart that travels on an incline.
Method of Controlled Lagrangians
In this section we review the controlled Lagrangian approach to (partial state-space) stabilization by kinetic shaping as presented in Marsden [l998,1999a,1999b] . The approach begins with 'a mechanical system with an uncontrolled (free) Lagrangian equal to kinetic energy minus potential energy. We modify the kinetic energy to produce a new controlled Lagrangian which describes the dynamics of the controlled closed-loop system.
Suppose our system has configuration space Q and that a Lie group G acts freely and properly on Q. It is useful to keep in mind the case in which Q = S x G with G acting only on the second factor by acting on the left by group multiplication. For example, for the inverted planar pendulum on a cart, Q = S1 x R with G = It, the group of reals under addition (corresponding to translations of the cart).
The goal of kinetic shaping is to control the variables lying in the shape space Q/G using controls that act directly on the variables lying in G. Assume that the Lagrangian is invariant under the action of G on Q, where the action is on the factor G alone. In many examples the invariance amounts to the Lagrangian being cyclic in the G-variables. Accordingly, this produces a conservation law for the free system. The construction preserves the invariance of the Lagrangian, thus providing a modified or controlled conservation law. Throughout this paper we will assume that G is an abelian group.
The essence of the modification of the Lagrangian involves changing the metric tensor g(-, .) that defines the kinetic energy $g(q,q). The tangent space to Q can be split into a sum of horizontal and vertical parts defined as follows: for each tangent vector U, to Q at a point q E Q, we can write a unique decomposition U, = Hor U, + Ver U,, such that the vertical part is tangent to the orbits of the G-action and where the horizontal part is the metric orthogonal to the vertical space; that is, it is uniquely defined by requiring the identity g(v,,w,) = g(Horv,,Horw,) +g (Verv,,Verw,) where vq and w, are arbitrary tangent vectors to Q at the point q E Q.
For the kinetic energy of our controlled Lagrangian, we use a modified version of the right hand side of equation (2.1). The potential energy remains unchanged. The modification consists of three ingredients: 
The equations corresponding to this Lagrangian will be our closed-loop equations. The new terms appearing in those equations corresponding to the directly controlled variables are interpreted as control inputs. The modifications to the Lagrangian are chosen so that no new terms appear in the equations corresponding to the variables that are not directly controlled. We refer to this process as matching.
Once the control law is derived using the controlled Lagrangian, the closed-loop stability of an equilibrium can be determined by energy methods, using any available freedom in the choice of T , go and gp.
Under some reasonable assumptions on the metric ga, Lr,u,p(v) has the following useful structure.
Theorem 2.3 Assume that g = gu on Hor and Hor and Ver are orthogonal for gu. Then 1 1
where v E T,Q and a ( v ) = (gp -g) (Ver,(v), Ver,(v) General sufficient conditions for matching can be found in Bloch, Leonard and Marsden [1999b] . We define simplified sufficient conditions for matching that are satisfied for a class of systems that includes the inverted (planar or spherical) pendulum on a cart. We take g p = g and the simplified matching conditions are SM-1 (Tab = Ugob for a constant U (this defines (Tab), SM-2 gab is independent of x" (a condition on the met- We use commas to denote partial differentiation with respect to xa. The conditions SM-2 and SM-4 imply that the mechanical connection gabgaa for the given system is flat, i.e., systems that satisfy the simplified matching conditions lack gyroscopic forces.
Define IC = -l/u. Under the simplified matching assumptions SM-1-SM-4, the control law is computed to be U, = -d/dt(ng,,x,).
Acceleration terms can be eliminated such that the control law becomes Suppose x: is a maximum of V,. Then we would need to make the equilibrium a maximum of Ep. If, for example, gaa(x:) is one-to-one, then A,p will be negative definite for a choice of IC such that See Bloch, Chang, Leonard and Marsden [1999] for details.
Matching with Symmetry-Breaking Potentials
In this section we extend the method of controlled Lagrangians to the class of Lagrangian mechanical systems with potential energy that may break symmetry, i.e., we still have a symmetry group G for the kinetic energy of the system but we now have a potential energy of the form V = V ( x a , d a ) that need not be G invariant. Further, we consider a modification to the potential energy that also breaks symmetry in the G variables. Let the potential energy for the controlled Lagrangian V' be defined as v y x a , e a ) = V (~~, P )
where V, is the modification to be determined.
We specialize to the case of mechanical systems for which the simplified matching assumptions SM-1-SM-4 hold. However, we retain the flexibility afforded by g p . We consider Pab = Pgab where p is a scalar constant. The controlled Lagrangian takes the form
The conjugate momenta j a to 8" then becomes 
(3.4)
We define a new matching condition: Assumption SM-5:
A necessary and sufficient condition on V and gabgaa for the existence of V, satisfying SM-5 is given and proved in Bloch, Chang, Leonard and Marsden [1999] . The following theorem gives sufficient conditions for matching with symmetry-breaking potentials. 
Stabilization with Symmetry Breaking Potent ids
In the case that the conditions for Theorem 3.1 are satisfied, the energy Er,u,p,e associated to the closedloop system can be used as a Lyapunov function. In particular, we use it to assign the remaining freedom in U , p and E to guarantee stability of an equilibrium of interest. Any equilibrium will have the form,
( x a , e a , k a , e a ) = (x;,e:,o,o).
We compute Er,u,p,e to be where The Lagrange-Dirichlet Theorem then gives the following sufficient conditions for Lyapunov stability. Note that if V , is chosen to make (x:,e:) a maximum of Vr(xa,Oa), then choosing IC to satisfy (2.9) and p < 0 is sufficient for stability.
For asymptotic stability, we will want to add in a dissipative control term, i.e., = 8. + ( 1 -l/a) gabgabxa. Specific conditions under which these hypotheses can be verified are investigated in Bloch, Chang, Leonard and Marsden [1999] .
We again define IE = -l/c. The total control ua is where This control law is the sum of our original stabilizing control law without symmetry breaking plus the potential modification and the dissipation term.
Following the same procedure as in Bloch, Leonard and Marsden [1999a] , we can eliminate accelerations in the control law expression. We compute We apply the above result to stabilize the inverted planar pendulum on a cart that travels on an incline of angle $. Let s denote the position of the cart along the incline and let 0 denote the angle of the pendulum with the upright vertical as shown in Figure 5 .1.
The configuration space for this system is Q = S x G = S1 x R, with the first factor being the pendulum angle 0 and the second factor being the cart position s. The velocity phase space TQ has coordinates z = (e, s, e, s). We are interested in the problem of asymptotically stabilizing the origin, i.e., z = 0.
The velocity of the cart relative to the lab frame is 5, while the velocity of the pendulum relative to the lab frame is the vector 'Upend = (scos$+lcos88,-Bsin$-Zsinee).
(5.1)
The system kinetic energy K(0, s, e, s ) is the sum of the kinetic energies of the cart and the pendulum:
1 ml2
The potential energy is
The Lagrangian is the kinetic minus potential energy:
where CY = m12,P = ml,y = M + m and D = -mgl are constants. Notice that the potential energy breaks symmetry in the cart translation s (although this system is still translation invariant).
The equations of motion for the cart pendulum system with a control force U acting on the cart (and no direct forces acting on the pendulum) are
---- The point z = 0 is an equilibrium of the controlled Lagrangian system since it is a critical point of V'. It remains to find conditions on rc, p, E such that the second derivative of Er,(T,p,E evaluated at the origin is definite. 
=
Finally, we take p < 0 so that the second derivative of evaluated at the origin is negative definite. Thus, by Theorem 4.1, the origin is made Lyapunov stable by the control law given by (3.2) (and (4.6) with
We can further get asymptotic stability using the full control law given by (4.6) where we choose c," = c > 0 since the equilibrium is a maximum of Er,g,p,E. showing that the set M , which is equivalent to the set on which $$ is constant, contains only equilibria. See Bloch, Chang, Leonard and Marsden [1999] for the proof, for an investigation of the region of attraction, and for simulation results.
